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Abstract 

Necessary and sufficient conditions for the generalized Gagliardo-Nirenberg 
inequalities are obtained. For < g < oo, < p,po,pi ^ cxd, s,so,si G M, 

Mbs <\Myo \M%^i (0.1) 

holds if and only if n/p — s = (1 — 6){n/pQ — sq) + 9{n/pi — si), sq — n/p^ ^ 
si — n/pi, s ^ {l — 9)so + 6si, andpQ = pi'ii s = {1 — 9)sq + 9si. Applying this 
inequality, we show that the solution of the Navier-Stokes equation at finite 
blowup time has a concentration phenomena in the critical space L^(]R^). 
Moreover, we consider the minimization problem for the variational problem 

Mc = inf {E{u) : \\ui\\l = q > 0, i = 1, ...,L] , 

where 

E{u) = \\\u\\\^ - [ G{u{x))V{x - y)G{u{y))dxdy 

for u = {ui, ...jUl) G {H'^)^ and show that admits a radial and radially 
decreasing minimizer under suitable assumptions on s, G and V. 

Keywords. Fractional Gagaliardo-Nirenberg inequality, Besov spaces, Triebel- 
Lizorkin spaces, boson equation, minimizer. 
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1 Introduction 



The Gagliardo-Nirenberg (GN) inequality is a fundamental tool in the study of 
nonlinear partial differential equations, which was discovered by Gagliardo [28] . 
Nirenberg [53] (see also [37]) in some special cases. Throughout this paper, we 
denote by := L^(M") the Lebesgue space, || ■ ||p := || ■ \\lp- C > 1 will denote 
positive universal constants, which can be different at different places, a < 6 stands 
for a ^ Ch for some constant C > 1, a ~ 6 means that a ^ h and b ^ a. We 
write a Ab = min(a, b), aV b = max(a, b). The classical integer version of the GN 
inequality can be stated as follows (see [2S] for instance): 

Theorem 1.1 Let 1 ^ P,Po,Pi ^ oo, £,m E NU {0}, i < m, i/m ^9^1, and 

!!L-i=(l-e)- + 9(--m] . (1.1) 
P Po \Pl J 



Then we have for all u E Cq 

a|=^ |a|=m 

where we further assume i/m ^ 6 < 1 if m — i — n/pi is an integer. 

The classical proof of the GN inequality is based on the global derivative analysis 
in spaces, whose proof is rather complicated, cf . [26| 130] . On the basis of the 
harmonic analysis techniques, there are some recent works devoted to generalizations 
of the GN inequality, cf. [5l[a[T0l[l6l[I71[T8l|231[26l|30l[3Illl^ 

In the first part of this paper, we consider the GN inequality with fractional 
order derivatives. First, we introduce some function spaces which will be frequently 
used, cf. [59]. We denote by Hp := {—Ay^'^L'P the Riesz potential space, = 
H'^ = n H'^ for any s ^ 0. Let ip he a smooth cut-off function supported in the 
ball : 1^1 ^ 2}, = ^(■) - tp{2 ■). We write fkiO = k e Z. We see that 

J2M0 = h eeM"\{0}. (1.3) 

We introduce the homogeneous dyadic decomposition operators Ak = Vfc^^; k G 
Z. Let — oo < s < oo, 1 ^ p, g ^ oo. The space 5* ^ equipped with norm 



P,9 



/ OO X 1/g 
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is said to be a homogeneous Besov space (a tempered distribution / G B^^^ modulo 
polynomials). Let 

— oo <s<oo, l^j9<oo, l^g^oo. (1.5) 
The space ^ equipped with norm 



F" 
p,<i 



J2 2'=^''|Afc/|' 



1/9 



;i.6) 



is said to be a homogeneous Triebel-Lizorkin space (a tempered distribution / G ^ 
modulo polynomials). 

In this paper we will obtain necessary and sufficient conditions for the GN in- 
equality in homogeneous Besov spaces and Triebel-Lizorkin spaces F^ ^. As a 
corollary, we obtain that the GN inequality also holds in fractional Sobolev spaces 



Hp. The fractional GN inequalities in Theorems ll.2[ 11.31 and 11.41 below cover all of 
the available GN inequalities in|3Ellini[ISl[I7l[ISll231l2Sl[3niEIllinilia[S^ 

for both integer and fractional versions. Moreover, our results below clarify how the 
third indices q in B^ ^ and F^ ^ contribute the validity of the GN inequalities. We 
have 

Theorem 1.2 Let < p,Po,Pi,q,qo,qi ^ oo, s, Sq, Si G M, ^ ^ 1. Then the 
fractional GN inequality of the following type 

<ll^lli^o \\u\\%s, (1.7) 
holds for all u G fl B^^^^^ if and only if 

--s = {i-e)(--s^+e(--s^, (1.8) 

P \Po J \Pl J 

s ^{i-e)so + esi, (1.9) 

- ^ 1 , if po 7^ pi and s = (1 — 9)so + 9si, (1-10) 

q qo qi 

So 7^ Si or - ^ 1 , if Po = pi and s = (1 — 9)sq + 9si, (l-H) 

q qo qi 

n , n 11 — 99^ , „^ „ , ^ 

So ^s-- or - ^ + — , if s <{l-9)so + 9si. 1.12 

Po p q qo qi 

Theorem 1.3 Let < q < oo, < p, Po, pi ^ oo, < < 1, s,So,Si G M. Then 
the fractional GN inequality of the following type 



u i 



<ll«ll!?o' M\U (1-13) 



BS,„ ^ " R^O " B 

P,<1 i'pg.OO JJpi.OO 
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holds if and only if 

--s = {i-e)(-~so)+e(-~sX (1.14) 

P \Po J \Pl J 

n n 

So 7^ si , (1.15) 

Po Pi 

s ^ (1 -0)so + ^si, (1.16) 

Po = Pi ^/ s = {i-e)s^ + es^. (1.17) 

In homogeneous Triebel-Lizorkin spaces Fp^, we have the following 

Theorem 1.4 Let < p,Pi,q < oo, s, Sq, Si G M, < < 1. Then the fractional 
GN inequality of the following type 

Mps <\\u\\'^.^, \\u\\%, (1.18) 

holds if and only if 

--s = {i-e)(--so]+e(--sX (1.19) 

P \Po J \Pl J 

s^{l-9)so + 9si, (1.20) 

so^si if s = il-9)so + 9si. (1.21) 

The following is the GN inequality with fractional derivatives. 

Corollary 1.5 Let 1 < p,Po,pi < oo, s, Si G M, ^ ^ 1. Then the fractional 
GN inequality of the following type 

Mhs < M\l-p!!\\u\\%., (1.22) 



holds if and only if 

1-s = {l-9)- + 9(—-siY s^9si. (1.23) 
P Po \Pi J 

We will prove Theorems I1.2H1.4I in Section 2. Relations with available GN in- 
equalities are discussed in Section 3. We remark that analogous results to Theorems 
I1.2H1.4I and Corollary 11.51 also hold if one replaces all of the homogeneous spaces 
5* g, Fp Hp by corresponding non-homogeneous spaces B'p q, ^, Hp, respectively. 
We will list those results in Section HI 
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In the second part of this paper we consider some apphcations of the fractional 
GN inequahty. First, We study the Cauchy problem for the Navier-Stokes (NS) 
equation 

tit - Am + (m ■ V)m + = 0, divM = 0, u{0, x) = uo{x), (1.24) 

where A = Y^i^id^^, V = {d^^, ...,d^„), div u = d^^ui + ... + d^^Un, u = (ui,. ..,«„) 
and p are real-valued unknown functions of {t,x) G [0,Tm) x M" for some > 0, 
Uq = (uq, Uq) denotes the initial value of m at t = 0. It is known that NS equation 
is local well posed in L", namely, for initial data uq G L"(]R"), there exists a unique 
local solution u G C([0, T^); L")nLf+"(0, T^; ^2+") (cf. [SIES]). Whether the local 
solution can be extended to a global one is still open. Recently, Escauriaza, Seregin 
and Sverak [2T] showed that any "Leray-Hopf ' weak solution in 3D which remains 
bounded in L^(]R^) cannot develop a singularity in finite time. Kenig and Koch [35] 
gave an alternative approach to this problem by substituting with H^^'^. Dong 
and Du [20] generalized their results in higher spatial dimensions n ^ 3. Noticing 
that C -B^^oo 3D is a sharp embedding, for any solution u of the NS equation 
in C([0,T*);L3), we see that u G C{[0,T*); B-]^). May [H] (see also ^) prove 
that if T* < oo, then there exists a constant c > independent of the solution of NS 
equation such that limsup^.^^.* \\u(t) — i^H^-i^ ^ c for all u G ,y. In this paper we 
will use the fractional GN inequality to study the finite time blowup solution and 
we have the following concentration result: 

Theorem 1.6 Let n = 3 and u G C([0,T^);L'^ n L^) n Lf+"(0, T^; L2+'^) he the 
solution of NS equation with maximal existing time < oo. Then there exist 
Co > and 6 > such that 

lim sup / \u{t, X — Xo)\^dx ^ Co, (1.25) 

where the constant cq > only depends on ||Mo||n; S can be chosen as any positive 
constant less than 2/n^. 

As the second application of fractional GN inequalities, we consider the existence 
of the radial and radially decreasing non-negative solutions for the following system: 

{m^ - Ayu,-[G{u)*V]d,G{u)+riUi = 0, t = l,...,L, (1.26) 

where ^ 0, u = {ui, ...,Ul), Ui ^ and u 0, G : — )■ M+ = [0, oo) is 
a differentiable function, diG{vi, ...,vl) '■= dG{vi, ...,VL)/dvi. V{x) = 
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denotes the convolution in M", > 0. In order to work out a desired solution of 
(11.261) , it suffices to consider the existence of the radial and radially decreasing non- 
negative and non-zero minimizers of the following variational problem. We write for 
ci, ...,cl > 0, 

S, = {u = Ul) G (H^)'^ : \\u,\\l = Q, 2 = 1, L} . (1.27) 

We will consider the variation problem 

Mc = inf {^(m) : u e Sc, Ci, Cl > 0}, (1.28) 

where 

Eiu) = lj2\\('^' + \^\'y^'^^\\l- [ I G{u{x))V{\x-y\)G{u{y))dxdy. (1.29) 
i=i 

Fractional calculus has gained tremendous popularity during the last two decades 
thanks to its applications in widespread domains of sciences, economics and engi- 
neering, see [U El |36l |38]. Fractional powers of the Laplacian arise in many areas. 
Some of the fields of applications of fractional Laplacian models include medicine 
where the equation of motion of semilunar heart value vibrations and stimuli of 
neural systems are modeled by a Capulo fractional Laplacian; cf. [2^ It also 
appears in modeling populations [55j, flood flow, material viscoelastic theory, biol- 
ogy dynamics, earthquakes, chemical physics, electromagnetic theory, optic, signal 
processing, astrophysics, water wave, bio-sciences dynamical process and turbulence; 

cf. [IlllElElIISinillSlESlEaESlEHlllIlllSlllSlES^ 

In [H], Lieb and Yau studied the existence and symmetry of ground state solu- 
tions for the boson equation in three dimensions: 

(m^ - AY^'^u - *u'^)u + ru = 0, (1.30) 

Taking G{u) = and V{x) = \x\~^ in three dimensions, (11.261) is reduced to fll.30p . 
The variational problem associated with fll.30p is 

= inf l-\\{m' + \^\Y'u\\l - [ [ 1^(^)1X^)1' ^^^^ , ^ e ||^||2 ^ ^ 

12 Jr3Jk3 \x-y\ 

(1.31) 

As indicated in [41J , f ll.30p and f ll.3ip play a fundamental role in the mathematical 
theory of gravitational collapse of boson stars. Indeed, Lieb and Yau essentially 
showed that for s = 1/2, there exists c* > 0, such that f ll.30p has a non-negative 
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radial solution if and only if c = c*. It was proven in [51] that boson stars with 
total mass strictly less than c* are gravitationally stable, whereas boson stars whose 
total mass exceed c* may undergo a "gravitational collapse" based on variational 
arguments and many-body quantum theory. The main tools used by Lieb and 
Yau are the Hardy- Littlewood-Sobolev inequality together with some rearrangement 
inequalities. Inspired and motivated by Lieb and Yau's work, Frank and Lenzemann 
[27] recently showed the uniqueness of ground states to (11.301) in ID. 

Taking G{u) = v? and V{x) = Ixl"^""^-* in n-dimensions with n ^ 3, (I1.26P is 
reduced to the general Choquard-Peckard equation 

(m^ - Ayu - ^u^^u + ru = 0. (1.32) 

The variational problem associated with (ll.32p is 

M(") = inf |i||(m2 + - ^2{u) -.ueH^ \\u\\l = c| , (1.33) 

where 



\u 








\x-y 


n-/3 



T^(m) = / — —^dxdy. (1.34) 



Taking G{u) = u\ + u\ and V{x) = \x\ ^ in 3-dimensions, f ll.26p is reduced to the 
following system 

(m^ - AYui - {\x\~^ * {ul + uj)) Ui + TiUi = 0, « = 1, 2, (1.35) 

which was studied in |1] and [27] in the cases s = 1 and s = 1/2, respectively. If we 
treat u = (^1,^2) and \\u\W = + ll^2||x, we see that the variational problem 

associated with fll.35p is the same as in f ll.33p if one constraint ||ui||2 + IIW2II2 = c is 
considered. 

Now we state our main result on the existence of the minimizer of (11.281) . There 
are two kinds of basic nonlinearities, one is G{u) = u^^ ...u^^ and another is G{u) = 
Ul + ... + M^. For the former case, we need to use m-constraints ||'Uj||2 = q > to 
prevent the situation that the second term of E{u) in (I1.29P vanishes. For the later 
case, one can use one constraint ||mi||2 + ••• + WulWI = c- Let s ^ (n — (3)/2. We first 
consider the former case and our main assumptions on G are the following: 

(Gl) G : 3 {vi, ...,vl) — G{vi, ...,Vl) G IR+ is a continuous function and there 
exists /i G [2, 1 + (2s + f3)/n) such that 

G{v)^G{\v\^ + \v\n, v = iv,,...,VL). (1.36) 
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Moreover, there exist > such that for all < vi, ...,vl <^ 1, 

G{v) ^ c<^t;f (1-37) 
where < n + (3 — n{ai + ... + ai) + 2s. 

(G2) If V has a zero component, then G{v) = 0. The function G ® G : x 3 
{u,v) — 7- G{u)G{v) G M+ is a super-modulai0. 

(G3) G{tiVi, tLVi) ^ tmaxG'(t;i, vl) for any U ^ 1, where t^ax = max(ti, ti). 

Noticing that f^^fg^.-.f^^ < gee that condition fll.36p covers the 

nonlinearity G{y) = f "^fg^.-.f^-^ if ai + ... + G [2,/i]. Our main result on the 
existence of the minimizer of f ll.28p is the following: 

Theorem 1.7 Letm? ^0, 0</3<n, s> {n—(3)/2. Assume that conditions (Gl)- 
(G3) are satisfied. Then fll.28p admits a radial and radially decreasing minimizer 
%n {H')^. 

We point out that both conditions s ^ (n — /3)/2 and < n + — n(ai + ... + ai) + 2s 
are necessary for Theorem 11.71 Indeed, we can give a counterexample to show that 
Mc = —CO if s < (n — /3)/2 or > 72 + /3 — n{ai + ... + a^) + 2s for a class of 
nonlinearities G{u). 

The endpoint case s = (n — /3)/2 can not be handled in Theorem 11.71 Note that 
for s = {n — (3)/2, we have /i = 2 in fll.36p . a basic example is G{u) = ul + ... + u\. 
Now we consider the variational problem 

m(J) = inf |i||(m2 + m^'Ml - r^iu) : u G (H^, = c > o| . (1.38) 

where u = ul), |mP = u\ + ... + u\ and \\u\W = \\ui\\x + ... + IIm^H^. Using 

the definition of the Riesz potential, the Plancherel identity, the Hardy-Littlewood- 
Sobolev, and fractional GN inequalities, we have 

Tp{u) = G{n,f3) I |M(x)n(-A)-'^/>|2](x)rfx=l|(-A)-^/Vni^ 

is said to be a supermodular if ( |42) ) 

F{y + he, + kcj) + F{y) ^ F{y + he,) + F{y + kcj) (i ^ j, h,k> 0), 

where y — {yi, ...,yL), and denotes the i-th standard basis vector in R^. It is known that a 
smooth function is a supermodular if aU its mixed second partial derivatives are nonnegative. 
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(1.39) 



Define 



sup 

tlgH("~/3)/2\{0} 




^(n-/3)/2 



(1.40) 



Theorem 1.8 Let = 0, < (3 < n, s = {n - /3)/2, G{u) = uj + ... + 
Then fll.38p admits a radial and radially decreasing minimizer in (if**)^ if and only 
ifc=l/2C*. 

As a straightforward consequence of Theorem 1 1.7[ we see that f ll.SSp admits a radial 
and radially decreasing minimizer in 

ff{n-2)/2 if g^^^ Qj^iy if c = 1 /2C*, where /3 = 2 

in the definition of C*. 

In the case > we have the following 

Theorem 1.9 Let m'^ > 0, < (3 < n, s = {n — /3)/2, c> 0. Then we have 

(1) If n > 2 + (5, then (11.381) has no minimizer in in {H^)^ . 

(2) If n < 2 + f3, then (11.381) admits a radial and radially decreasing minimizer in 
{H')^ if and only if < c < 1/2C*. 

(3) If n = 2 + P, then (I1.38P admits a radial and radially decreasing minimizer in 
{H')^ if and only if c = 1/2C*. 

2 Proofs of the GN inequalities 

The following is an interpolation inequality in Besov spaces, which is very useful in 
nonlinear estimates, see [29t [3T|. 

Proposition 2.1 (Convexity Holder's inequality) Let < Pi,qi ^ oo, ^ 



9, <:i,a„aeR{i = l,...,N), ^ -Li = I, a = j:Z,9iCr„ 1/p = E-=i^^M> 
1/9 = Eti 0^/q^■ Then nl^B^^^^ C B;^^ and for any v G nl,B;i^^, 



N 



V 



< n 



V 




i=l 



This estimate also holds if one substitutes -Bp ^ by F^ ^ (p,Pi 7^ oo). 
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In the convexity Holder inequality, condition 1/g = Yld=i^'i/li ^^"^ ^e replaced by 
1/9 ^ Xlili ^ilQi- Indeed, noticing that C £^ for all q ^ p,we see that Proposition 
O still holds if 1/q < J2i=i ^^ki- In [291 EI], Proposition O was stated as the case 
1 ^ Villi ^ 00, however, the proof in [31] is also adapted to the case < pi,qi < 00. 

Proof of Theorem 11.21 (Sufficiency) First, we consider the case 1/q ^ {1 —6)/qo + 
0/qi. By ([L9]), we have 

1 1 — 6 6 S , „^ Sn „Si , , 

= --(l-9)—-9—:=-T]^0. 2.1 

p Po Pi n n n 

Take p* and s* satisfying 

1 1 

— = — \- rj, s = s + nrj. 
p* p 

Applying the convexity Holder inequality, we have 

ii/b- ^m'is'o \\f\\%s, . (2.2) 

p*.q -°P0.90 ^Pi>n 

Using the inclusion -Bpl ^ C -B^ ^, we get the conclusion. 

Next, we need to consider the following two cases: (i) s = (1 — 9)sq + 9si, po = pi 
and So 7^ si, (ii) s < (1 — 6^)50 + 6^51 and s — n/p ^ sq — n/pQ. We can show that 

wfWBs^wnW^ ii/iil- , (2.3) 

see below, the proof of Theorem 11.31 (12.31) implies the result, as desired. 
(Necessity) By scaling, 

||/(A-)b.,~A— /^ll/b.,, AG 2^. 
Hence, if (II. 7p holds, then 

ys-n/p-[{l-e)(sa-n/pQ)+0(si-n/pi)\ ^ ^ 

Letting A — ?■ or A — t- 00, we immediately obtain that s — n/p— [(1 — 9){sq —n/po) + 
^(si-nM) = 0. 

Next, we show that s — Sq ^ 0{si — Sq). Assume on the contrary that s — sq > 
d{si — So). Assume that sq = 0. Let ip satisfy supp ip d : 1/2 ^ |^| ^ 3/2} and 
= 1 for 3/4 ^ 1^1 ^ 1. So, (^{2-^0 = 1 if 3 ■ 2^-^ ^ |^| ^ 2^'. Denoting 

pM) = ¥'(2(e - e^^'^)), e^^'^ = (r ■ 2^-3, 0, o). (2.4) 
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and for sufficiently small e > 0, we write 

N 



fiO = E (2.5) 

i=ioo 



This leads to 

N 



p,<i 

j=100 



^=100 

Noticing that = 1 for ^ G supppj, we have 

Hence, 



Similarly, 



P:1 



BO ~2^^, 11/11 -2(^1+^)^. 



By ([LTD, we obtain that 2("+")^ < 2"^2"i^^. However, for sufficiently large A^, it 
contradicts the fact s > 9si. Substituting s by s — Sq, we get the proof in the case 

Thirdly, we consider the case po ^ pi and s = {1 — 6)so + 9si and show that 
l/q^{l-e)/q^ + e/qi. Put 

^ Si - So 

n(l/po-lM)' ^'^ 

We see that 

s + nA Q - 1^ = so + n\(^^-l^ = si + n\ (^^ - 1^ . (2.7) 
Case 1. We consider the case A ^ 0. Let and ^(^'^ be as in (12. 4p . Put 

and 

J 

F = E 2-'^-''^^^'p-^'^^q]. (2.8) 
i=ioo 

Since supp F overlaps only one supp tpj for all j € Z and for j ^ 100, 

II A,-^-VJ||p = ||^~'f?J||p ~ T^^^^'p-^\ 
11 



we have 

J 

j=100 

J 

j=100 

~ J, (2.9) 

which means that ||-F||rs ~ J^/"^. On the other hand, in view of f l2.7p and (12.80 . 
we see that 

J J 

j=100 j=100 

In an analogous way to (12. 9p . we find that 

||F||o»o ~J^/''°, llFlU^i -J^Z-^S (2.11) 
By (JLID, we have J^/« < j(i-^)/'?o J^/^i for any J > 1. It foUows that 1/q ^ 

(l-e)/go + ^/gi. 

Case ^. We consider the case A < 0. Denote 



It is easy to see that 



(TV) 



is an equivalent norm on Bp^^ (see also [59]). Let 

J 

F= ^ 2"'-'~"^(^/P-^)V(2^-''-)- (2-12) 

j=100 

Assuming that N ^ 100(|A| + 1), analogously to the above, we have from the 
definition of 11 ■ that 

II II £JS 

P><3 

\F\\fJ -J'^', \\F\C r^jV^o^ ^jiM. (2.13) 

12 



By (ILID we have l/q ^ (1 - ^)/go + O/qi- 

Fourthly, we show the necessity of fll.lip . If not, then we have Po = Pi = 
So = si = s and 1/g > (1 — 0)/qQ + 6 /qi. Let 

J 

F= ^ 2-"^'+"(^/P-^)V(2"^'-)- (2-14) 

j=100 

We easily see that for ^ 1, 

\\F\\^P^J"\ \\F\\^P -^J'/'\ r.j'/'^K (2.15) 

II II JJS ) II II £JS ) II ll£JS \ J 

P,9 P. 90 p. 91 

We have l/q ^ (1 — 0)/qQ + 9/qi, which is a contradiction. 

Finally, we show the necessity of (11.121) . Assume for a contrary that s — n/p = 
sq — n/po and 1/g > (1 — 9)/qo + 9/qi. Using the same way as in (12.141) and (I2.15p . 
we have a contraction. □ 

Proof of Theorem 11.31 (Sufficiency) We can assume that sq = and the case 
So 7^ can be shown by a similar way. 

Step 1. We consider the case p ^ PoM pi- By definition, 

1/9 



P,1 



\n dyadic / 



From (gSD, it follows that 



« !^_lL + „_, , + . (2,17) 

\P Pi J V Po Pj 

Since < < 1, (gH) implies that - ^ + Si - s) (s + ^ - ^) > 0. 
Case 1. We consider the case 

n n n n , , 

S1-S + >0, s + >0. 2.18 

P Pi Po P 

Using the inclusion -Bp ^i ^p,r2 '^i — ^2, it suffices to consider the case 

q < 1/2, q~^ G N. For brevity, we write K := q~^. 



'1.9 ^ E (iVi-A^^l|A^,«||p...l|A^,«||,)'' 

Ni^...^Nk 

X (iVi^ . . . N'j,\\AmM\p ■ ■ ■ W^nMpY^'-'^ . (2.19) 
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In view of Bernstein's inequality, 

\\Anu\\p^N^''^\\Anu\\p^^, WAnuWp^^N^-'^WAnuWp,. (2.20) 
We can choose a G (0, 1], ^ 1 satisfying 9K = k — 1 + a. Hence, 

||AAr^M||p...||AAr^^M||p 

=(||AjViM||p...||A^,_^M||p||A^,M||P(||A^,u||J-''||Aiv,.+iM||p. . . ||A7v^,u||p) 
< Nl " ^^™-^V-7 . . . N^'"\\A^,u\\l;l^N,,Mpo ■ ■ ■ W^n^uWp, 



n n n n „ ( n n 



X iV- ^ ... N^U ^ Nf^^'"^\\A^M\p. ■ ■ ■ \\A^,^^uU\A^,urp^. (2.21) 



Inserting (1^^ into we have 



\u\\ 



Ni^...^Nk 

xA(Ari,...,iV^)||n||J\-^)^^||^||(V'^^^(^"''\ (2.22) 



where 



r>^ ^ -7VT n m ^ tvt^ r> n-i ^ ' / 

k 



X iV, ' '° 'N' ...iV^^ ^° ) . (2.23) 



By ([222]), we have 



K 

< HN„...NK)YiN'\\^M\py (2.24) 

X \\n\\p^'\\ut^;'^^'-''\ (2.25) 



So, it suffices to prove 



K 

Y A{N,,...NK)YiN'\\^M\py<M%. (2.26) 

Ni^...^Nk i=l 

In fact, fl2.23p - fl2.26l) imply the result. Finally, we prove f l2.26p . Applying the 
condition (12.180 . we have 



p) 



J2 A{N„...Nk){N^,\\A,u\\ 

Ni^...^Nk 

s-^ / + (K-k+l-a)(s+-!2—S.)+a(s-si + -!2--^)\q{l-q) 



P 
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< E (^) ^'M^ 



< M\% ■ (2.27) 

P-<3 

Case 2. We consider the case 

n n n n , , 

SI-S + <0, s + <0. (2.28) 

P Pi Po P 

Substituting the summation XIatj^ ^Nk ^a^i^ ^^Nk (12-191) and repeating the 
procedure as in Case 1, we can get the resuh, as desired. 

Up to now, we have shown the resuhs for the following two cases: (i) s = 
(1 — 9)so + 6si and po = Pi; (h) s < (1 — 6)sq + 6si and p ^ po V pi. 

Step 2. We consider the case p < Po V pi and s < (1 — 6)sq + Osi. Due to 
6 G (0, 1) and 1/p ^ (1 — 6')/po + ^/pi, we see that po 7^ Vi ^-iid po Api < p < po Vpi. 
Let < e ^ 1. In view of the result as in Step 1, we see that 



< llfll^A^ Jlfll^./+,. (2.29) 



Since Sq — n/pQ ^ si — n/pi, we can assume that Sq — n/pQ < Si — n/pi. It follows 
that 1/p — s/n G (1/po — So/n, Ijpi — Si/n). Hence, for sufficiently small e > 0, 

1 s ± e ^ f 1 So 1 si 



p n \pq n Pi n 
It follows that there exist 6± G (0, 1) satisfying 



p n \po n J \pi n 

Due to lime_j.o 9± = 9, we see that for sufficiently small e > 0, 

s±e^ {l-9±)so + e±si. 

Therefore, by Theorem II. 2^ we have 

b;- < ll/lltr 11/11^-^1 , 

< ll/llto" 11/11^"^. ■ (2.31) 

fy-^ PO Pi 

We easily see that 6 = {6+ + 9-)/2. Inserting ^Tm and flXaTjl into ([229]), we have 
the result, as desired. 



(2.30) 
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(Necessity) First, we show the necessity for s — n/p ^ sq — n/pQ. If not, then 
s — n/p = So — n/po = Si — n/pi. Let 

N 

/(O = 2("/^-^)V,(0- (2-32) 
i=ioo 

We see that ~ N^^^ ll/b^,oo ~ 1' w^^ich contradicts fl43|) . 

Next, we show the necessity of po = Pi when s = (1 — ^^)so + ^Si. Assume for a 
contrary that po 7^ Pi- By Theorem 11.21 we have 1/q ^ {1— 9)/oo + 9/oo = {i. This 
contradicts the condition q < oo. □ 

Proof of Theorem 11.41 (Sufficiency) First, we consider the case s < (1 — 6)sq + 
9si. We can take sufficiently small e > satisfying 

s ^ (1 - 6)sl + 6sl, Sq := So - e, s* := Si - e. 

Since £ <^ 1, we can assume that 



lie lie 

— := > 0, — := > 0. 

Po Po n pl pi n 



Hence, 



which implies that 

' ' ^-il-efl-e'-l:=-,^0. (2.34) 



Putting 



we see that 



p Po Pl n n n 



1 1 * / N 

— = - + ^7, s = s + nr], (2.35) 
p* p 



^ ^ ^ ^, s* = [l-e)sl + esl. (2.36) 



P^ Po Pl 

Using Holder's inequality, in an analogous way as in Besov spaces, we have 

F^: < ll/ir.Ts 11/11' ^ • 
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Recalling the inclusions (see Triebel [59] ) 

ipso f~ Tp^l ^ 

^ P0,oo ^ ^ p*,q^ ^ Pi,oo ^ ^ p*,q 

we immediately get the conclusion. 

Next, we consider the case s = {\ — 6)sq + 6si and sq 7^ si. In this case we easily 
see that l/p = {1 — 9) / + 9 / pi. The result has been shown in [M] and [TT] and we 
omit the details of the proof. 

(Necessity) It suffices to consider the necessity in the case s = {1 — 9)sq + 9si. 
If not, then sq = Si = s. Let pj be as in (12. 4p and 

N 

ho = E 2"^^P.(0- (2.37) 
i=ioo 

We easily see that 

\\f\\F^^^ = \\'^~\P0)\\p-l- 

But 




which contradicts the GN inequality. □ 



3 Corollaries of the GN inequalities 

In this section we give some corollaries of our main results. Noticing that BMO = 
^00,2 -^00,00 II^'^'^IIb" ~ can deduce the following useful inter- 

polation inequalities: 

«|Uk,(^3)^C||^||^/^,/ ll^ll^f ,^3„ (3.1) 



10/3,10/3^ 

I^IIl^ < I|Vm||K'||m||^/-i , (3.2) 

|Vm||l4 < \\V\\\]^2^\\u\\]^l^o, (3.3) 
klU^ ^ l|VM||^p||Mf. 1 < p < q < 00,9 = p/q. (3.4) 

IV^uIIl, < llV^-ullipll-ull^AW' l^m<k, q = kp/m, 9 = m/k. (3.5) 

Following Bourgain [8], we can show (13. ip . which is useful for the concentration 
phenomena for the solutions of nonlinear Schrodinger equations. Meyer and Riviere 
[52] studied the partial regularity of solutions for the stationary Yang-Mills fields 
by using (13. 2p and (13. 3p . (13. 4p and (13. 5 p are generalized versions of (13. 2 p and (13. 3p . 
respectively (see Ledoux [IQ], Strzelecki |57]). Machihara and Ozawa [44j showed 
that 
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Proposition 3.1 Let 1 < po \/ pi ^ p ^ oo, < < 1, sq, si G M. Assume that 
n 



-s = {l 
p 



/ n 










So 






\Po 








n 


> 


n 


n 








p 




Pi 


P' 



(3.6) 



Then 



\Mb\ ^ 11^11^=0 \M%s, (3.7) 
Oru J54j obtained that (see also [TT] ) 

Proposition 3.2 Let < pQ,pi,p < oo, < r < oo, — oo < Sq, Si, s < oo, < 9 < 
1 anc? 

- = + -, s = {l-e)so + esi, so^si. (3.8) 

P Po Pi 

Then 

The following interpolation inequality was shown in [60] . 



Proposition 3.3 Let < po < p < oo, < r ^ oo, — oo < si < s < sq < oo, 

< ^ < 1 and 

1 = 1 + 1^, s = eso + {l-e)si. (3.10) 
P oo 

T/ien 

4 GN inequalities in nonhomogeneous spaces 

We denote by := (/ — Ay^'^LP the Bessel potential space, = ifg- Let ip he a 
smooth cut-off function supported in the ball : |^| ^ 2}, (p = ip{-) — ipi^,-). We 
write iIjo := iIj and Vfc(0 = V'(2~^05 ^ ^ N. We see that 

oo 

^^fc(0 = i, eeM". (4.1) 

fc=0 
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We introduce the dyadic decomposition operators = ^ Vfc^; ^ ^ Let 
— oo<s<oo, l^p, g^oo. The space 5^ ^ equipped with norm 



fc=0 



is said to be a Besov space. Let 

— oo <s<oo, l^p<cxD, l^g^oo. 
The space ^ equipped with norm 



A:=0 



1/9 



(4.2) 



(4.3) 



(4.4) 



is said to be a homogeneous Triebel-Lizorkin space. For Besov spaces and Triebel 
spaces, we have similar results as in Theorems 11.21 11.31 and II. 4[ In this paper, we 
will use the following 

Theorem 4.1 Let < g < oo, < p, poj Pi ^ c>o, < 6^ < 1, — oo < s, sq, si < oo. 

Then the GN inequality of the following type 



holds if 



--s = {i-e) 
p 

n n 

So t Si 

Po Pi 



n 



50 +6* si j , 

Po J \Pi 



n 



s ^ (1 -0)so + ^si, 
Po = Pi if s = {I- 9)so + 9si. 



(4.5) 

(4.6) 
(4.7) 

(4.8) 
(4.9) 



Proposition 4.2 Let 1 < p,po,pi < oo, s, Si G M, ^ ^ 1. Then the GN 
inequality of the following type 



m Hit ^ u 



ji rO II "-IlLPO W'^llH. 



holds if 



n 



n 



--s = (l-9)— + 9( si , s^9si. 



P 



Po 



n 



Pi 



(4.10) 



(4.11) 



The proofs of these results are the same as those in homogeneous spaces and the 
details of the proofs are omitted. 
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5 Concentration of solutions of NS equation 

The local well posedness in for the NS equation is well-known; cf. Kato 
Here we need the following result (see for instance [35] in 3D and [61] in higher 
spatial dimensions). 

Theorem 5.1 Let uq G L" with divuo = 0. Then there exists a > such that 
the NS equation fll.24p has a unique solution u satisfying 

mGC([0,TJ; L") nL2+"(0,T^; L^+^). (5.1) 

IfTm < oo, then we have ||w||L2+n(o,T„; l2+") = oo. Moreover, if uq G L^, then 

Ihml + ^ \\Vu{s)\\lds = ^WuoWl, 0<t<T^. (5.2) 



We will sketch the proof of Theorem 15.11 in the Appendix. In the sequel, we will 
write ||m||2 := Ya=i IWiWl^ W'^^Wl '■= Yllj=i \\dx,Ui\\l for u = {ui,...,Un). We have 
the following 

Proposition 5.2 Let a ^ 1 and u he the smooth solution of NS equation. Then we 
have 

1 d 



Ht)\\lXl + \ I {V\uV-V\u\'){x)dx 



2 + adt' 

+ \u\''\Vu\'^{x)dx- I {Vp-\u\''u){x)dx = 0. (5.3) 
Proof. The first equation in fll.24p is multiplied by we have 



\u\ u ■ 



dtu - Au + ^ Ujd^^u + Vp j =0. (5.4) 



We have 



n 

H^'uAu, = -\u\''dM^ = Y^^M''^^ (5.5) 



1=1 



\u\''uAui = V{\u\''UiVui) - ^{Vlul" ■ Vuf) - \u\''\Vui\'^. (5.6) 
It follows that 

n n ^ 

J2 H'^UiAui = ^ V(|M|"MiVMi) - -(V|m|" ■ V|mH - |m|"|Vm|1 (5.7) 



1=1 i=l 
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Noticing that divu = 0, we have 

n n 1 " 1 " 

1=1 j=i ij=i j=i 

1 " 

—-Y,d,{\ur\)- (5.8) 



2 + a . ^ 



We obtain that 



^ - iv(|M|'^V|Mn + -{V\u\'' ■ V\u\ 



2 + (T 



+ l^riV^ip + |u|'"mVp + V(|u|'"+\) = 0. (5.9) 

2 + 0" 

Integrating (15. 9 p over M", we immediately obtain the resuh, as desired. □ 
Recall that by 

n 

-Ap = ^ d^^^^{uiUj). (5.10) 

Let us denote 

n 

E{u,v) = ^ ^-'\^r%^,^M. (5.11) 
From the Hormander-Mikhlin multiplier theorem, we obtain that for any p G (1, oo), 

n 

mu,v)\\,<Y,\\u.v,l. (5.12) 

Putting a = n — 2 and integrating (15. 3p over [ti,t2], we have 
(t2)||" + 2(n-2) / {VH^'/^f dxdt 



+ n I I \u\''-^\Vu\'^dxdt <\\u{ti)\\l + n 




r [ \pVi\u\''-\)\dxdt. 

(5.13) 



Applying (15. 2p and (]A.7p . we obtain that 

[ \pV{\u\''-\)\dxdt 
Jti Jv 



< 



r||hi|("-2)/2|VM|||2|||n|("-2)/2^(M,M)||2cit 
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< 



t2 
tl 



< Y^y[^ll^"l^"-'^/'|Vt.|||^^^t + c„y^' (5.14) 



Inserting the estimate as in 05.141) into fl5.15l) . we have 



Lemma 5.3 Let u he the solution of the NS equation f ll.24p in [0,Tm) and ti,t2 G 
[0,T™). We have 



\u 



{t2)\\l + 2{n-2) r [ \V\u\''/^\' dxdt 
Jti Jr" 



99n 



+ r / \<''\^^\'dxdt < \\u{t,)\\: + C„ r MlXldt. (5.15) 



Proof of Theorem 11.61 By the local well posedness result and Lemma E31 we see 
that if Tm < oo, then we have 



ImII r2+n = OO. (5.16) 



In the following we give the details of the analysis to ||M||^2+n^ ^. We have 

'ii-(t)ii^:::^t= riik(t)r/^ii:;:::!{>t 



^ ||I"VVI ||2(2+n)/n 



< 



'ii^^.i"(or'ii:;^::;;:<;*+rii/'..i"wr'i:;^:;:;;:*. 

S J S 



(5.17) 

For convenience, we write 

P<Nf ■■= ^-V(2-^0^: 
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where is the smooth cut-off function supported in : |^| < 2} as before. Using 
Bernstein's estimates and the bound of solutions, we see that 

^ n/2||2(2+n)/n 



S 



^"V2 l|p...U,mP/2||2("+2)/- 



< (r-5)2^^" /2 P<N\u{t)\ 



t€[S,T] 



l4/n 



< (T - 5)2^"'/2 max ||n(t) ||("+')/' < (T - 5)2^"'/2_ (g^^g) 
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Let Tfc Tm, we see that ||M|L2+n oo. We can assume, by passing to a 

^x,telo,T^.] 

subsequence of {Tk} that 

||n||r2+n ^ ||n||r2 + n . (5.19) 

Let Nk oo satisfy 

\2+n 

\j-2-^-n — : ^ \^ ^ h: — 1/~ — : r) 1 1 1 1 /" ■ 



c||n||!t:„ < C7(Tfc - T,_i)2^^"'/' < • (5.20) 



We have 



" ^s«j"wr"ii^:::v:A< ill-Ilia,^ ^. (5.21) 



k-1 



It follows from (IBTT]) . flCTj) and flCTjl that 



1 /-T. 

-ii«ii!tr„ < 



In view of the fractional GN inequality, we have 

\\v\\,.^...y. < ll^llll';;'^ ^ ^w.JV^^III^^"^^^ . (5.23) 
Taking v = P^^Jm|"/^ by (KT3f and (E:^ we have 

< \\p>^Njur^rtr ^.^-./Jivp,^j«r/^iii2 (5.24) 



By Lemma [5. 3[ we see that 

iivp^ivj«r/ii2 < ii^oii:: + Mit:. . (5.25) 

Hence, it follows from f l5.24p and f l5.25p that 

ll^>^J-r/^IL.(.,_,,.,.-"4^) > 1. (5.26) 

We remark that the constant in the right hand side of fl5.26p only depends on n and 
1. So, there exist Xk G M", tk G [Tfc_i,Tfc] and jk ^ A^a: such that 



2-"^-^/2|(A,J«|"/2)(xfc,tfc)|>l. (5.27) 
Let be as in fHTTj) . < £ < 1. It follows that 



{^-'^){2^''{xk-y))\u{tk,y)r/'dy 
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■=I + II. (5.28) 
By Holder's inequality, we have 

// < 2"^-'=/l(^-V)(2^''= OllL4/(4-.)(|.|>2(^-ib.)lk(4, ^ 

<2"^-''/1(^^V)(2^''=-)IIlV(4..)(|.|>2(^-i)..) 

<2"^-^("/^-^/^)||(^-V)IL4/(.-n)(|.|>2^..). (5.29) 
Since is a Schwartz function, for fixed £ > 0, we have 

JJ< 1/2, 2/ A;>1. 

Hence, 

1/2 </ < lkllIn(|.-.l<2(-ib.)ll^"Vl|2 < lkllll(|._,.,|<2(.-b.)- 

By dSSni), we see that 2(^-i)^'^ < (T„ - T^^i)'' for any 5 < 2/^2. □ 



6 Proof of Theorem 11.7 




Let q = n/{n — P). First, we consider the case = 0. We divide the proof into 
the following five steps. 

Step 1. We show that Mc > — oo. Applying Hardy-Littlewood-Sobolev's in- 
equality, we have 

G{ui{x), ...,ULix))V{\x - y\)G{ui{y), ...,UL{y))dxdy 

<(lkllW + ll«ll(W' (6-1) 

where (2g)' is the dual exponent to 2q. In view of the fractional Gagliardo-Nirenberg 
inequality, we have 

M2i2gY<\\u\\l-~''\\u\\%, (6.2) 

l|w|U(2<?)' ^ Ikll2"^1kllj.. (6-3) 



where 



sOx 1 1 



n 2 A(2g)'' 
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We consider the following two cases. First, if fi < 2 + 2s/n — 1/q, we easily see that 
2^2,A^^/i < 1- It follows from u ^ Sc that 

G{ui{x), ...,ul{x))V{\x - y\)G{ui{y), ...,UL{y))dxdy 

5<l + ^hll|. (6.4) 




^ II IiS^'m I II 1126*2 ^1 I ,11 Il2 
^ null + M ^ ^ T 



for some sufficiently small e > 0. Next, if = 2 + 2s/n — l/q, applying the condition 
u E Sc and Ci, ...,cl are sufficiently small, we see that ( 16. 4p also holds. So, we have 
shown that 

Q-C^) \\n\\l.-C. (6.5) 

Therefore, we have Mc > — oo and all of the minimizing sequence of f ll.28|) are 
bounded in {H^)^. 

Step 2. We show the existence of the Schwarz symmetric (=radial and radially 
decreasing) sequence. Let u* be the monotone rearrangement of u. By the super- 
modularity of G (see Proposition 3.13 of [32j) and Theorem 1.2 in [T2] . 




G{ui{x), ...,ul{x))V{\x - y\)G{ui{y), ...,UL{y))dxdy 
^ J j G{ul{x),...,ul{x))V{\x-y\)G{ul{y),...,ul{y))dxdy. (6.6) 
On the other hand, we know thanks to (cf. Appendix of [3]) 

^ Iklli/'i- (6.7) 

It follows that E{u*) ^ E(u). Hence, we obtain the existence of the Schwarz mini- 
mizing sequence. So, it suffices to consider the Schwarz minimizing sequence below. 

Step 3. We show the lower semi-continuity of E{-) under the Schwarz minimizing 
sequence. Let Uk = {u^,!, ...,ma;,l) be a Schwarz symmetric minimizing sequence. We 
show that if weakly converges to u in {H^)^, then 

E(m) ^ liminf E(Mfc). (6.8) 

Since the minimizing sequence in {H'^)^ is bounded, we see that there exists a 
subsequence, which is still written by Uk such that Uk weakly converges to m = 
(Mi,...,Mi) in {H'^)^. It follows that 

^ lim inf (6.9) 

" fc— >-oo " 
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In the following we show that 



^lirn y J G{uk{x))V{\x -y\)G{uk{y))dxdy = J J G{u{x))V{\x - y\)G{u{y))dxdy. 

(6.10) 

The sequence Uk is bounded in [H^]^ , so is in L^^^^'^flL^*^^^)'. Since Uk is a symmetric 
sequence, we can certainly find a subsequence of Uk still written by Uk such that 
Uk ^ u and \uk^j\ ^ ctj for some aj G L^'^''^''^ f] L^*^^^)'. By the continuity of G we 
have 

G{uk{x))V{\x - y\)Giuk{y)) ^ Giu{x))V{\x - y\)Giu{y)), k ^ oo 

for all x,y & M". On the other hand, since G is non- decreasing with respect to all 
variables, we have from condition (Gl) that 

Giukix))Vi\x - y\)Giukiy)) ^ G(a(a;))\/(|x - y|)G(a(y)) 

< (|a(x)p + \a{x)nVi\x - y\){\a{y)\' + \aiy)n 

(6.11) 

It follows that 




G{uk{x))V{\x - y\)G{uk{y))dxdy 
< I [{\a{x)\' + \a{x)nV{\x-y\){\a{y)\'+\a{y)n 




< (ll«ll W + ll«ll^(2,y) < (6-12) 

In view of the dominated convergence theorem, we immediately have (16.101) . 

Step 4. We show the strict negativity of M^.. Let : R" — )■ (0, 1) be a 
Schwarz radial function satisfying \\f\\2 = 1- Taking (fi = Qip, i = 1,...,L and 

= A"/2$(A.) = A"/2(y,^(A.),...,y,^(A-)). Clearly, we have $a G S^. For conve- 
nience, we write a = ai + ... + ai. We have from the second growth condition in 
(Gl) that for < A < 1, 

E{^^) = ^\\^^\\1^- J j G{^^{x))V{\x-y\)G{^M)dxdy 

= -\^'\\^^f.-\-^"' [ I G{W''H{x))V{\x-y\l\)G{X''H{y))dxdy 



2 ""^''^^ 
1 
2' 

^ X^\Gi - ^2A-"+""-''-2") (6.13) 




^ T^A^II^illi. -C^A-"+""-^ / / ^{xrV{\x-y\)^{yrdxdy 
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for some Ci, C2 > 0. Noticing that n + /3 — na + 2s > and taking < A ^ 1, we 
immediately have -E($a) < 0. It follows that < 0. 

Step 5. We show that is achieved. Notice that = E{u). It suffices to 
show that ll'UjIII = Q. The strict negativity of and condition (G2) imply that 

7^ for all i = 1,..,L. Let ti = Ci/\\ui\\2, i = 1,...,L. We have ^ 1 and 
{tiUi, ....tiUL) G Sc- Therefore, 

Since Mc < 0, we immediately have tmax = 1 and so, ti = ... = = 1. It follows 
that M is a minimizer. 

Next, we consider the case > 0. Since HwH^fs < 11^^11//=, s > 0, we see that the 
proof in Steps 1-3 and 5 holds if we substitute H"^ by H"^. Moreover, noticing that 
II'^aIIhs ^ ||m||2 + ■^^'^ll'^ll^s; "we see that the result in Step 4 is also true. □ 

In the proof of Step 4, we easily see that for the single power case G(|-up) = 
with 2s + n + f3 — a<0, E{^x) — >■ —00 as A —i- 00. Moreover, taking a = 2, we see 
that the condition s ^ {n — /3)/2 is also necessary. 



7 Proof of Theorem 11.8 



(Necessity) Put ux = A"/^m(A •), s = (n — (3)/2. For any e {H")^, we write 

iS(<i') = hmis-r,{<p). (7.1) 



we have 



By fOnj) 



/S(</'a) = A"-^Q||0||5,.-T,(</>)). (7.2) 



\u 








x-y 





Tp{u)=l — -^dxdy <C*c\\u\\jj,. 



If C*c < 1/2, then 



(7.3) 



It follows that M^""^ ^ 0. On the other hand, noticing that \\(f)x\\2 = ll^lh, we see 
that 

mS < inf{/i5(0A) : 11011^ = c} ^ ^11011?,. 



27 



^S(</'A)<A"-M--(C*-e)c 11011^,. (7.4) 



holds for all cj) e H' with ||0||^ = c. Hence, M^^J^ = 0. For any minimizing sequence 
Uki we have I^J'piuk) ~ ll^fcH^^ — 0. It follows that — )■ in [H'^)^. But this 
contradicts the fact llMfclli = c. 

If C*c > 1/2, we have (C* - e)c > 1/2 for sufficiently small e > 0. By the 
definition of C* we can choose some (pe {H')^ such that 

However, 

2 

Taking A — t- oo, we immediately have M^"'^ = —oo. 

(Sufficiency) First, we show that M^!'^'' = 0. Since C*c = 1/2, we have 

It follows that M^^i^ ^ 0. On the other hand, for any e > 0, we find some G (if**)^ 
satisfying 

T,(0) ^ ^110111.. 

For s = (ra — 2)/2, the above inequality is invariant under the scaling </> i— )■ A"/^0(A ■), 
which implies that we can assume that 11011^. = 1. It follows that J.^^H^) ^ e. Hence 

= 0- 

Now, let Uk be a sequence verifying 

^C*(l-]-). (7.5) 



Ikfcllilkfcll^s V 

Let be the rearrangement of Uk- Using the fact that 

Ti3{uk) <T^{ul), \\u*\\hs ^ \\u\\hs, ||m*||2 = ||m||2, 
we see that (17. 5p also holds if Uk is replaced by ul, i.e., 

^CUl-i). (7.6) 



One can find A^ > such that ||A^''^M^(Afc ■)\\hs = 1. Since (17. 6p is invariant under 



the scaling ul ^ A"/^u^(A ■), we see that for Vk = A^^^u^(Afc ■) 
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and \\vk\\l = c, ||ffc||^s = 1. The inequality (17. 7p also implies that I^^p{vk) ^ I /2k — )■ 
0. It follows that Vk is a radial and radially decreasing minimizing sequence. In view 
of II ■^fellf/s ^ 1 + c we see that Vk has a subsequence which is still written by Vk such 
that Vk converges to v with respect to the weak topology in {H'^)^. On the other 
hand, the embedding H"^ C L'^ with s = {n — /3) /2, 2 < q < 2n/ P is compact for the 
class of radial functions, we see that Vk strongly converges to v (up to a subsequence) 
in [L'^)^ for all 2 < g < 2n//3. By (17.61) and Theorem 11.3^ we have for k ^ 2, 

1/4 ^ Ti,{Vk) ^ C\\\Vk\Y2n/in+^) < C\\vk\\ls || || . (7.8) 



It follows that ||ffc||r,-n/2 ^ Co, where Cq := l/2vC is independent of k. Let Vk = 
{vl, v^). It is easy to see that there exist i G {1, 2, L} and a subsequence of vl 
which is still written by vi verifying ||fl|| „-n/2 ^ Co/L. From the definition of ^ 
we can choose jk G Z+ and Xk G M", 

Co/2L^2-'^^V2|(A^.^^.)(^^)|. (7.9) 

Denoting 

A{jk) := {x: \xk-x\ < A2-^^}, 

Co/2m^2-^^/'\{^~'v,J*vl{xk)\ 

= 2"^W2 f (^-V,J(2^M^.-^))4Wrf^ 

= 2"^W2 ( [ + [ ) (^-V,J(2^Ha^^ - 
■=I + II. (7.10) 
Taking A := v4((y9, c) 1, we see that 

// < ||4||2||^"VlU2(|.-Xfc|>A) < Co/4. 

By Holder's inequality, we have 

I ^ C'll4llL2(|-Xfc|<A2-Jfc) ^ C'll4IU2(j.-Xfc|<yl)- 

We have 

||f^||L2(|._Xfe|<A) ^ Co/4C. 

Since is radial, we have |xfc| < Xq := Xo(co,C, A). Indeed, in the opposite case 
we will have ||f^||2 > c if \xk\ ^ 1. So, we further have 

ll^felU2(|.|<Xo+A) > Cq/AC. 
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By Holder's inequality, 

||'i^fclU9(H<Xo+A) ^ Co, Co := Co(A,Xo,Co). 

Since f ^ — )■ f in {L"^)^, 2 < q < 2n/f3, we immediately have f 7^ 0. Using the same 
way as in the proof of Theorem II. 7[ we can get that 

o</S(^)</S(^.)^o. 

It follows that I^^^{v) = 0. To finish the proof, it suffices to show that ||f II2 = c. If 
not, then we have ||f II2 < c. Putting v = y/cv/\\v\\2, we have 



raCs'l") - f in^ - 1) < 0, (7,11) 



c 



which contradicts the fact that I^"'g{u) ^ for all u G {H^)^. 



8 Proof of Theorem 11.9 

We consider the variational problem 



= mf{/S„(«) : u e m\ \\u\\l = c> 0}, (8.1) 



IclM = 2 y + l^n^l^(OIX - T,H. (8.2) 
Lemma 8.1 Lei s = {n - (3)/2. IfC*c > 1/2, then M^^l^ = -oo. 
Proof. By Theorem ll.8[ there exists G (H^)^ with ||0||2 = c satisfying 

T,(0) = C*c||0||i.. 

It follows that 

iS,j<px) = ^ /k + iAeni0(oprfe - A"-^T,(0) 
_ 1 

~ 2 



^ / + |Aer)l0(OPrfe - A"-^C*c||0||5,.. (8.3) 



If s ^ 1, then 



< \^'' + A"-'^ - C^*c) 11011^.. (8.4) 
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Taking A — )■ oo, we immediately have M^^^ = — oo. 
Next, we consider the case s > 1. Denote 

A = : A|^| > m/e}. 

We have 



2 

On the other hand 



^\>^'\l + eyml.. (8-5) 



^^m'^l + l/eyml (8.6) 
Collecting the estimates as in (18. 3p . (18. 5p and (18. 6p . we have 



^SU(0a) < - A"-^ C*c - -(1 + ey U\\\^. (8.7) 



By taking e > small enough and A — )• oo, we immediately have M^^^ = — oo. □ 
Lemma 8.2 Let s = {n - P) /2 ^ I. If C*c < 1/2, then M^^l^ = cm^'/2. 
Proof. If s ^ 1, then we have 

(m^ + lep)^ ^ m^^ + ler^ 

It follows that 



^^'110112 + ^ll0lli.-T,(0). 
If C*c < 1/2 and ||0||2 = c, then we have 



rM<c*MlM%<l\ml^. 

Hence, we have M^,^ > cm^'/2. 

Now let (p e {H')^ with = c. We have 



/SU(0a) = 1 + \X^\'r\m\'d^ - A"-^T,(0). (8.8) 
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We denote by [s] the largest integer which is less than or equals to s, {s} = s — [s]. 
It suffices to consider the case that s is not an integer. Since 

(a + by = (a + 6)W(a + 6)W ^ fn) + E fn) <^'^^'^b^^'^~'\ 



j=0 

we have 



s 



:=m2 + A2{^>P(A,m, ICI). (8.9) 
Noticing that for A < 1, we have P{X,m, |^|) < 1 + which implied that 

Hence, we have 



cm'y2 ^ ^ ^rn'^l'^ + ^(A^W), (8.10) 



c,p,m 



which yields M^Jj'^^ = cm?' /2. □ 
Lemma 8.3 Let s = {n - {5) /2 > I. IfC*c < 1/2, then M^^l^ is not achieved. 
Proof. Suppose on the contrary that there exists w > satisfying 

By the mean value theorem, there exits 9{t) e (0, t) such that 

fit) := (m' + ty -f- m'^ = st ((m' + 0{t)y-^ - e{ty-^) > 

for any t > 0. It follows that 

(8.11) 

Noticing that /(|^p) is a continuous functions of ^ e and /(|^H > if ^ 0, 
we immediately have J /(ICP)I^(OP^C > 0. A contraction. □ 

Up to now, we have shown that for any s > 1, I'^^J^rrSS) minimizer. In the 

following we consider the case < s < 1. 
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Lemma 8.4 Let s ^ {n - /3)/2 < 1. IfC*c < 1/2, then e (0, cm?'/ 2). 

Proof. Let us denote ur :— ^~^x\€.\<R'^'^- Let e (H^)^ with ||0||| = c satisfy 

Then we have some R> satisfying 

Taking v = \/c0_r/||0r||2, "we see that 11^112 = c and 

Moreover, the above inequahty is invariant under the scahng v ^ vx, i.e., 

/ \ \ I|2|| ||2 '^11 ||2 ^* 

T^(f^A) ^ 2^ Fa||2IPa||^, = ^\\v\\\hs, a = C c. 
Moreover, we have 

lS,mivx) ^ \cm'' + \ [ {{m' + \Xey - alX^' - m'^) mi'dC. (8.12) 

Using the mean value theorem, for any i > 0, we have some 9{t) e (0, t) verifying 

f{t) := (m' + ty - at' - m^' = st ((m^ + Qit))'-^ - a9{ty-') . 
Noticing that s < 1, it follows that for < i <^ 1, one has that 

{m^ + e{t)y-^ - ae{ty-^ <o. 

Hence, taking A > such that XR <^ 1, we obtain that 

(m^ + \XC\y - a\XC\'' -m''<0, V < \C\ < R. 

-in) 



Since ^ h-)- /(ICP) is continuous and v 7^ 0, we immediately have I^J^}jn{v\) < err?' /2 



Due to C*c < 1/2, we easily see that 

The result follows. □ 
Lemma 8.5 Let s ^ {n - p)/2 < 1. IfC*c = 1/2, then M^'^l^ = 0. 
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Proof. Clearly, we have M^^^^ ^ 0. Let us recall that for any minimizer (p of the 
functional I^^i^i-), we have for any e > 0, 



+ / ]{{rn' + \K?y-\Kr)\m?di 

A5|>m/e J\\i\<m/e^ 



■=I + II. (8.13) 
We estimate /. We may assume that m/e ^ 1. Recall that 

{m^ + \Xer - lA^I" = lAel" ((l + - l) < ^^'^ < sm'^e'^'-^\ 

It follows that 



On the other hand, due to (a + b)^ < + b'^ and G L^, 



'2 

1 



Hence, /^5,^(0a) ^ as A ^ cx). □ 

Lemma 8.6 Let s = (n — /3)/2 = 1. T/ien M^"'^^ is achieved if and only if C*c = 
1/2. 

Proof. Noticing that for s = 1 

lS,J<P) = lrn'c+l J \^\'\m\'d^-r,{<l>) = lm'c + I^^{<j^), (8.14) 

we can obtain the result, as desired. □ 
By Lemma [8.61 and Theorem 11.81 we can prove Theorem 11.91 in the case s = 1. 

Proof of Theorem 11.91 In view of the discussions above, it suffices to consider 
the case < s < 1. Now let Uk be a minimizing sequence. By Lemma [8.41 we see 
that Uk is bounded in {H'^)^. Following the proof as in Theorem 11.81 we can assume 
that Uk is radial and radially decreasing. We have 

Now we claim that inf{T^('Ujt) : A; ^ 0} ^ Cq for some cq > 0. If not, then we have 
isiuk) — )■ up to a subsequence. By Lemma [8l4[ 

im^^c < hm l||(m^ + \i\y''uk\\l = Jim I^ljuk) = M^J^ < Im^^c. 
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This is a contradiction. 

Now we can repeat the same procedure as in the proof of Theorem 11.81 to show 
that Mfc — i- M ^ and u ^ 0, with a minimizer u, as desired. 

Finally, we show the necessity of C*c < 1/2. If not, then C*c ^ 1/2. If 
C*c > 1/2, be Lemma O we have M^^J^ = -oo. If C*c = 1/2, in view of 
Lemma [875] we have M^^^ = 0. If u 7^ is a minimizer, then I^^^^{u) = 0. On the 
other hand, from the definition of we have -^c*/? m(^) > 0. A contradiction. □ 



A Proof of Theorem 5.1 



The proof of Theorem 15.11 is essentially known and we now sketch its proof by 
following [ni]. Section 2.4 (see also [2S] in 3D). 

Proposition A.l Let H{t) = e*^, s^f = H{t - s)f{s)ds. We have 

\\H{t)uo\\^u+2 < ll^olU, (A.l) 

x.tG [U,i J 

\\H{t)Uo\\L--(0,T; L") < \\Uo\\n, (A.2) 

l|V=(^/IL.|2 < , (A.3) 

||Vi2//lUoc(0.T; L") < + . (A.4) 

Put 

2) = |m : ||M||^2+n^^_^^ < S, ||m||l->([o,t];L") < 2C||mo||„| , (A. 5) 

d(u, V) = \\U — V\\ r2 + n . (A. 6) 

^ ^ " "■'"x,te[o,T] ^ ^ 

We consider the mapping: 

Wl:u{t)^H{t)uo + ^Fdw{u^u), (A.7) 

where 



P = / + (-A)~Vdiv. (A.8) 

By Proposition lA.ll we have 

||9JtM||r2+n < \\H(t)Uo\\T^+" + IIm ® 'u|L(2+™)/2 

< mt)uo\y.. + S\ (A.9) 

3;,tG [0,i J 
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\^u\\l°°(0,T; L'M < ||Mo||n+ || M (g) M || (2+„)/2 



< 



\uo\\n + S^. (A.IO) 



If C6 < 1/4, we can show that 971 is a contraction mapping from D into itself. So, 
there exists a u satisfying 

u{t) = H{t)uo + J^rV ■ (u^u). (A.ll) 

By a standard argument, we see that u is unique in L^"''"(0,T; L'^^^). Moreover, 
one can extend the solution step by step and find a maximal such that u G 
C([0,T^); W) n L2+'^(0,T^; L2+"). In the following we show that 

Assume for a contrary that ||M||j;^2+n(o y^. < 00. In view of the first inequality 



in (lA.lOp we see that 

||^||c([0,T„); L") n L2+n(o,T™; L2+n) < OO. 

Using the same idea as in [15] for the nonlinear Schrodinger equation, we now extend 
the solution beyond Tm- We have for < — T <^ 1, 

u{t) = H{t-T)u{T)+ [ H{t-T)FV ■ {u^u)dT. 

Jt 

It follows that 

mt - r).(r)||,.«_^^___ < + ^ 0. r ^ r„. (A.12) 

Replacing [0,T] by [T, T^] and HmqIU by ||m(T)||„ in the definition of we can 

find that the solution can be extended to C([T, T^], i^") if T is sufficiently close to 
Tm- It follows that the solution exists beyond Tm- A contradiction. 
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